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Appendix: A recursive formula for the Kurtosis of an ap-
proximation to the distribution of share prices

Introduction

Given the recursive approximation to the distribution of share prices (see [1, 2]) we
will derive a recursive formula for Kurtosis. The Kutosis of a distribution consist-
ing of samplesx1 . . .xN with meanµ and standard deviationσ is given by

K =

(
N · (N +1)

(N−1) · (N−2) · (N−3)

N

∑
i=1

(
x j −µ

σ

)4
)
− 3(N−1)3

(N−2) · (N−3)
. (1)

Recursive calculation of Kurtosis

We fix notation as follows: Assuming that a distributioin of pricesp j ( j = 1, . . . ,n)
occuring at a volumev j is given (say at timetn). At later time (say at timetn+1) the
distribution changed to

• one pricepn+1 occuring at volumevn+1

• the pricesp1, . . . , pn occuring at volumesN−vn+1
N v1, . . . ,

N−vn+1
N vn, respectively

(whereN = ∑n
j=1v j = ∑n

j=1
N−vn+1

N v j +vn+1 is the total volume of shares floating).
The Kurtosis of the distribution at timetn is thus given by

Kn =

(
N · (N +1)

(N−1) · (N−2) · (N−3)

n

∑
i=1

vi

(
pi−µn

σn

)4
)
− 3(N−1)3

(N−2) · (N−3)

1



and the Kurtosis of the distribution at timetn+1 is given by

Kn+1 =

(
N · (N +1)

(N−1) · (N−2) · (N−3)

n+1

∑
i=1

ṽi

(
pi−µn+1

σn+1

)4
)
− 3(N−1)3

(N−2) · (N−3)
,

whereṽi = N−vn+1
N vi for i = 1, . . . ,n andṽn+1 = vn+1.

To have an algorighm that allows calculation of Kurtosis in an recursive way
(more presisely: to give Kurtosis as a function of recursivly defined values) let us
define

q(1)
n = ∑n

i=1vi pi , q(1)
n+1 = N−vn+1

N q(1)
n +vn+1pn+1

q(2)
n = ∑n

i=1vi p2
i , q(2)

n+1 = N−vn+1
N q(2)

n +vn+1p2
n+1

q(3)
n = ∑n

i=1vi p3
i , q(3)

n+1 = N−vn+1
N q(3)

n +vn+1p3
n+1

q(4)
n = ∑n

i=1vi p4
i , q(4)

n+1 = N−vn+1
N q(4)

n +vn+1p4
n+1,

i.e.

q( j)
n+1 :=

N−vn+1

N
q( j)

n +vn+1p j
n+1 =

(
N−vn+1

N

n

∑
i=1

vi p
j
i

)
+vn+1p j

n+1. (2)

With these definitions we have
n

∑
i=1

vi

(
pi−µn

σn

)4

=
1

σ4
n

(
q(4)

n −4µnq(3)
n +6µ2

nq(2)
n −4µ3

nq(1)
n +µ4

n

)
and

n

∑
i=1

N−vn+1

N
vi

(
pi−µn+1

σn+1

)4

+vn+1

(
pn+1−µn+1

σn+1

)4

=
1

σ4
n+1

(
q(4)

n+1−4µn+1q(3)
n+1 +6µ2

n+1q(2)
n+1−4µ3

n+1q(1)
n+1 +µ4

n+1

)
and thus we find that the Kurtosis of the distribution at any timetm is given by

Km =
N · (N +1)

(N−1) · (N−2) · (N−3)
k
(

µm,σm,q
(1)
m ,q(2)

m ,q(3)
m ,q(4)

m

)
− 3(N−1)3

(N−2) · (N−3)
(3)

whereµm andσm are mean and standard deviation respectively (which could be
calculated through a recursive formula)1, q(1)

m , . . . ,q(4)
m are defined by the recursion

formulas above and

k
(

µ,σ,q(1),q(2),q(3),q(4)
)

:=
1

σ4

(
q(4)−4µq(3) +6µ2q(2)−4µ3q(1) +µ4

)
. (4)

The initial values for the recusivly definiedq( j)
m are given byq( j)

0 = N · p j
0.

1In fact,µm = 1
N q(1)

m andσm =
√

1
N (q(2)

m −2µmq(1)
m +µ2

m).
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